This paper completes the determination of all integers of the form pqr (where p, q, and r are distinct primes) for which there exists a vertex-transitive graph on pqr vertices which is not a Cayley graph.
INTRODUCTION

Background and Statement of Results
In 1983, Marus ic [16] asked for a determination of the set NC of integers n for which there exists a vertex-transitive graph on n vertices which is not a Cayley graph. We call the elements of NC non-Cayley numbers. The purpose of this paper is to give necessary and sufficient conditions for a product of three distinct primes to be a non-Cayley number, thereby completing previous work of Gamble, Hassani, Miller, Seress, and the authors in [7, 10, 21, 24] .
The set NC has the important, but elementary, property that if n # NC then kn # NC for every k # N, since if 1 is a non-Cayley vertex-transitive graph of order n, then k } 1, the vertex-disjoint union of k copies of 1, is a non-Cayley vertex-transitive graph of order kn. The papers [14, 15] , among other things, gave a complete determination of all non-Cayley numbers that are not square-free. Because of this, subsequent work has aimed at finding the square-free non-Cayley numbers. For a positive integer i, we shall denote by NC i the subset of NC consisting of nonCayley numbers that are products of i pairwise distinct primes. Now NC 1 is empty, since every vertex-transitive graph of prime order admits a cyclic subgroup acting regularly on vertices and consequently is a Cayley graph. Also the set NC 2 has been completely determined, see [15, Theorem 1] , involving work in [2, 6] for the even case and in [1, 18, 19, 23] to characterise the odd numbers in NC 2 . We record this result below. Theorem 1.1 [1, 2, 6, 15, 18, 19, 23] (The NC 2 Theorem). Let p and q be distinct primes with p<q. Then pq # NC 2 if and only if one of the following holds.
(i) p 2 divides q&1.
(ii) q=2 p&1>3 or q=( p 2 +1)Â2.
(iii) q=2 t +1, and p divides 2 t &1 or p=2 t&1 &1.
(iv) q=2 t &1 and p=2 t&1 +1.
(v) q=11 and p=7.
The purpose of this paper is to complete the determination of the set NC 3 . From the observation above, for distinct primes p, q, r, if pq # NC then automatically pqr # NC. Let NC i * denote the set of multiples of numbers in NC i . Thus the products pqr for which membership of NC needs to be settled are those which lie in NC"NC 2 * . In 1994, Miller and the second author [21] considered the question of membership of 2pq in NC (where p, q are distinct odd primes). In the case where 2pq Â NC 2 * , the results of [21] provide precise conditions under which there exists a non-Cayley vertex-transitive graph of order 2 pq which admits a transitive imprimitive subgroup of automorphisms. All other numbers 2 pq # NC 3 were determined by Gamble and the second author in [7] (that is, all extra integers of the form 2 pq for which there exists a non-Cayley vertex-transitive graph of order 2pq such that every transitive subgroup of automorphisms is primitive). Theorem 1.2 [7, 21] (The 2pq Theorem). Let p and q be odd primes with p<q.
(a) Then 2 pq # NC 2 * if and only if one of the following holds:
(i) p#1 (mod 4) or q#1 (mod 4),
(ii) q#1 (mod p 2 ), (iii) q=11, p=7.
(b) Moreover, 2pq # NC 3 "NC 2 * if and only if p#q#3 (mod 4), and one of the following holds:
(i) q#1 (mod p) and q 1 (mod p 2 ),
(ii) p=(q+1)Â4, (iii) q=19, p=7.
In [24] Seress began an investigation of the question of membership of pqr in NC where p, q, r are distinct odd primes. For pqr Â NC 2 * , he determined precisely when there exists a vertex-primitive non-Cayley graph of order pqr, and, building on work of Marus ic , Scapellato, and Zgrablic [20] , he determined when there exists a non-Cayley vertex-transitive graph 1 of order pqr for which Aut(1 ) is quasiprimitive on vertices (that is, every non-trivial normal subgroup of Aut (1 ) is transitive on vertices). Thus the problem remaining, following the work of Seress, is that of determining any extra orders pqr for non-Cayley vertex-transitive graphs 1 such that Aut(1) has a non-trivial intransitive normal subgroup. The paper of Seress also contains a construction [24, Section 2] of an infinite family of graphs of this type which generalises a construction given in [21, Construction 2.1] for graphs of order 2 pq. Thus, by a series of constructions of non-Cayley vertex-transitive graphs, Seress [24, Theorem 1.2] proved that each number in the subset S defined below is a member of NC 3 . In Table I for an integer n and a prime p, we use n p to denote the largest power of p dividing n, that is to say, n p is the p-part on n. Definition 1.3 (The set S). Let p, q, r be distinct odd primes such that pqr Â NC 2 * . Then pqr # S if and only if one of the following holds.
(ii) re-ordering [ p, q, r] if necessary, we have pq equal to (a) 2r\1, (b) (r+1)Â2, (c) (r 2 +1)Â2, (d) (r 2 &1)Â24x where x=1, 2, or 5, or (e) 2 t +1, where r divides 2 t &1 for some t:
(iii) re-ordering [ p, q, r] if necessary, p<q<r and p, q, r are as in one of the lines of Table I. We prove in this paper that there are no more integers in NC 3 . To do this we use the results mentioned above, and we also use a sufficient condition given in [10, Theorem 1.1] for a vertex-transitive graph of order pqr to be a Cayley graph. Thus the main result of this paper is the following theorem. 
Theorem 1.4 (The Main Theorem). Let p, q, r be distinct odd primes such that pqr Â NC 2 * _ S. Then every vertex-transitive graph of order pqr is a Cayley graph.
The following theorem summarises the results discussed above and gives a determination of NC 3 . (It follows immediately from the results above.) Theorem 1.5 (The NC 3 Theorem). Let p, q, r be primes such that 2 p<q<r. Then pqr # NC 2 * if and only if one of the following holds.
(ii) for some odd s # [ p, q, r], either 2s&1 or (s 2 +1)Â2 also belongs to [ p, q, r];
(iii) [ p, q, r] contains 2 t +1 and also contains either 2 t&1 &1 or a divisor of 2 t &1, for some t;
(iv) [ p, q, r] contains 2 t &1 and 2 t&1 +1, for some t;
Moreover, pqr # NC 3 if and only if either pqr # NC 2 * or p, q, r satisfy one of the parts of Definition 1.3 (where p may be 2 in Definition 1.3(ii)(b) or in line 1 of Table I ) or ( p, q, r)=(2, 7, 19).
The major unresolved question concerning non-Cayley numbers is the following.
Question 1 [15, Question, p. 334] . Is there a number k>0 such that every product of k distinct primes is in NC?
It was known in [15] that such a number k must be at least 4, since 138 =2 } 3 } 23 was known not to lie in NC. Although the results of this paper do not increase our knowledge of the size that such a k must be, by providing complete information on the membership of NC 3 they may assist future attempts to answer this question.
In Section 2 we introduce the notation and concepts needed for the proof of Theorem 1.4 and outline the strategy to be used in the proof. Next, in Section 3, we examine quasiprimitive permutation groups of degree pq, where p and q are distinct odd primes, and classify those which are minimal transitive with degree pq Â NC (see 
NOTATION AND THE STRUCTURE OF THE PAPER
We first introduce some concepts and notation concerning graphs and group actions and then explain the structure of the analysis for completing the investigation and proving Theorem 1.4.
Notation: Graphs
For a graph 1=(V, E) with vertex set V and edge set E, we denote by Aut(1 ) the automorphism group of 1. The cardinality of V is called the order of 1. We say that 1 is vertex-transitive if Aut(1 ) acts transitively on V. For a group G, and a subset S of G such that 1 G Â S and S=S
&1
, the Cayley graph Cay(G, S) of G relative to S is defined as the graph (G, E(S)) where E(S) consists of those pairs [x, y] from G for which xy &1 # S (and hence also yx &1 # S since S=S &1 ). All Cayley graphs Cay(G, S) for G admit the group G, acting by right multiplication, as a subgroup of automorphisms, and this action of G is regular on vertices, that is, G is transitive on vertices and only the identity element of G fixes a vertex. Thus, identifying G with this subgroup of automorphisms, we have G Aut (Cay(G, S) ). In particular each Cayley graph is vertex-transitive. Moreover, a vertex-transitive graph 1 is a Cayley graph for some group if and only if Aut(1 ) contains a subgroup which is regular on vertices. The focus of this paper is on the existence of vertex-transitive graphs which are not Cayley graphs, that is, which have no regular subgroups of automorphisms.
We need to use several graph theoretic constructions in the proof. These are defined as follows. The lexicographic product 
Notation: Group Actions
For a group G acting on a set V and a G-invariant subset U of V, we denote by G U the group of permutations of U induced by G. The normal subgroup of G consisting of the elements of G which fix every point of V is called the kernel of the action, and G is said to be faithful or unfaithful on V as the kernel is trivial or non-trivial, respectively. We say that a partition 7 of V is G-invariant if G permutes the blocks of 7, that is, for B # 7 and g # G, the image
is also a block of 7. If G is transitive on V and 7 is a G-invariant partition of V, then G induces a transitive action on 7 and consequently all the blocks of 7 have the same cardinality. If either all blocks of 7 are singletons, or 7 consists of the single block V, then 7 is said to be trivial, and all other partitions are called non-trivial. A transitive action of G on V is said to be imprimitive if there exists a nontrivial G-invariant partition of V, and otherwise G is said to be primitive. A natural way in which G-invariant partitions arise for transitive groups G on V is as the set of orbits of a normal subgroup of G. Such partitions are always G-invariant. However there are many examples of imprimitive actions of a group G for which no non-trivial G-invariant partition arises in this way. Such a group action is said to be quasiprimitive: that is, G is quasiprimitive on V if every normal subgroup of G not contained in the kernel is transitive on V.
Structure of the Proof of Theorem 1.4.
We need to prove that there are no non-Cayley vertex-transitive graphs 1 of order pqr such that pqr Â NC 3 * _ S. Suppose to the contrary that 1 is such a graph. From our discussion in Section 1, Aut(1 ) is transitive but not quasiprimitive on vertices. The main result of [10] gives us important additional information about a minimal transitive subgroup of Aut(1). We explain this below.
The construction of Seress [24, Section 2] of a family of imprimitive vertex-transitive graphs of order pqr produces graphs 1 for which Aut(1 ) has a sequence of normal subgroups, 1<N<K<Aut (1 ) with N, K intransitive on vertices, the N-orbits being proper subsets of the K-orbits. (For these graphs, pqr is as in line 1 of Table I , and in particular pqr # S.) It turns out that this property of Aut (1 ) is important. Definition 2.1. A transitive action of a group G on a set V is said to be genuinely 3-step imprimitive if G has a sequence of normal subgroups, 1<N<K<G, such that N and K are intransitive and non-trivial on V and the N-orbits in V are proper subsets of the K-orbits. This terminology reflects the fact that the lattice of G-invariant partitions of V contains a chain of length 3 corresponding to the chain 1<N<K<G of normal subgroups of G.
In [10] , a very delicate analysis of vertex-transitive graphs 1 of order pqr Â NC 2 * _ S such that Aut(1) has a genuinely 3-step imprimitive subgroup showed that all such graphs are Cayley graphs. Thus, for a nonCayley vertex-transitive graph 1 of order pqr, where pqr Â NC 2 * _ S, Aut(1 ) is not quasiprimitive and has no genuinely 3-step imprimitive subgroup. Our strategy for investigating 1 is to choose a subgroup G of Aut (1 ) which is transitive but not quasiprimitive on the vertex set V and is minimal (by inclusion) subject to this condition. Since 1 is not a Cayley graph, G is not regular on V, and since G is not quasiprimitive on V, there exists a non-trivial intransitive normal subgroup K of G. The number of K-orbits may be either a prime or a product of two primes, dividing pqr. Let 7 denote the G-invariant partition of V consisting of the K-orbits.
A major part of the paper is devoted to proving that K may be chosen in such a way that |7| is prime and is equal to |G : K|. This is Proposition 4.1 which is proved in Section 4. Its proof requires detailed information about quasiprimitive permutation groups of degree pq, a product of the two distinct odd primes p and q, and this information is derived in Section 3. A classification of quasiprimitive permutation groups of degree pq is available, see [13, 23, 26] , and depends on the finite simple group classification. We work with this classification, specifying which of the degrees lie in NC, and which of the groups are minimal transitive. Section 5 contains an analysis of the final case in which |G : K| is prime and there is no normal subgroup of G, contained in K, with orbits of prime length. We show that there are no non-Cayley graphs with this property.
QUASIPRIMITIVE PERMUTATION GROUPS OF DEGREE pq
Let p, q be distinct odd primes and let G be a quasiprimitive permutation group on a set V of cardinality pq. By definition this means that G Sym(V)=S pq and all nontrivial normal subgroups of G are transitive on V. Some of these groups will be primitive on V, while others will be imprimitive. The latter groups are called imprimitive quasiprimitive permutation groups of degree pq. It follows from the O'Nan Scott theorem for quasiprimitive groups [22] that G is almost simple that is, G has a unique minimal normal subgroup T which is a nonabelian simple group and T G Aut(T ). As we shall discuss in detail in this section, all such groups have been classified, and their classification depends on the finite simple group classification. We shall need some detailed information about these groups. For example we shall need to know, for each such group, whether or not the socle T is minimal transitive and also whether or not pq # NC. We derive this information below in a series of three propositions.
Most of the information about the groups is contained in Tables II IV below. In the columns of these tables headed``NC'' an entry``yes'' or``no'' means that pq is or is not in NC, respectively, while an entry``?'' denotes that for some, but not all, values of pq corresponding to that line of the table we have pq # NC. In the columns headed``min.trans.'', an entry``?'' means that for some but not all groups in that line T may be minimal transitive, an entry``intrans'' means that T is not even transitive, and an entry which is the name of a group, for example the Frobenius group F pq of order pq, means that T has a transitive subgroup isomorphic to this group.
First we consider those groups G which act faithfully on a nontrivial G-invariant partition 7, so that G is isomorphic to a transitive permutation group of degree |7|. Then as both p and q divide |G|, it follows that |7| is equal to the larger of p and q, say p. Also a stabiliser in G of a point of V is a subgroup of index q in the stabiliser of an element of 7. Note that the socle T is transitive on V since G quasiprimitive.
Proposition 3.1 (The imprimitive case). Let p, q be distinct odd primes such that q<p. Suppose that G S p and that G is a transitive permutation group of degree p with socle T such that a pont stabiliser H in this action has a subgroup L of index q. Then (a) G acting by right multiplication on the set [G : L] of right cosets of L is a transitive permutation group of degree pq which acts faithfully on a non-trivial G-invariant partition, and all possibilities for T. p, q are given in Table II Table II . Table II 
, and this is equivalent to the condition that G is quasiprimitive on V.
Conversely, if G is transitive of degree pq and G acts faithfully on a nontrivial partition 7, then as we noted above, |7| is equal to the larger of p and q, namely p, and G in its action on 7 is a transitive permutation group of degree p. The stabiliser H in G of a block B in 7 has a subgroup L of index q, namely the stabiliser of a point of B. Moreover, G is quasiprimitive 
The list of possibilities for the socle T of an almost simple group of degree p is given, for example, in [9] and is the following: (i) A p , (ii) PSL(n, s) with p=(s n &1)Â(s&1) with n prime and (n, s){(2.2) or (2.3), (iii) M 11 or PSL(2, 11) with p=11, or (iv) M 23 with p=23. In case (i) Suppose now that when n=3, s is not 2, 3, or 5. Then H=[s n&1 ]. GL(n&1, s) involves the nonabelian simple group PSL(n&1, s). If L also involves PSL(n&1, s) then, since SL(n&1, s) acts irreducibly on the elementary abelian normal subgroup [s n&1 ] of H, it follows that q divides s&1 as in line 3 of the table. If this is not the case then PSL(n&1, s) has a subgroup of prime index q. By [9] again, q is one of (s n&1 &1)Â(s&1), 7 (with n=3, s=7), or 11 (with n=3, s=11). If both p=(s n &1)Â(s&1) and q=(s n&1 &1)Â(s&1) are prime, then n=3, s=2 2 b , q=s+1>3, and p=s 2 +s+1#0 (mod 3), which is a contradiction. In the other two cases, p=57 or 133, neither of which is prime.
Of the groups in cases (iii) and (iv), the only one for which H has a subgroup of odd prime index is PSL(2, 11) where p=11, q=5, and a Frobenius group F 55 is transitive on V as in line 8 of the table. K We need to deal with the primitive groups of degree pq. First we consider those which are 2-transitive. Proposition 3.2 (The 2-transitive case). Let p, q be distinct odd primes such that q<p. Suppose that G S pq and that G is a 2-transitive permutation group of degree pq with socle T. Then T is a nonabelian simple group and Table III contains all the possibilities for T, p, q, together with some information on whether pq # NC and whether T is minimal transitive.
Proof. As in our discussion above T is a nonabelian simple group, and all possibilities for the socles of almost simple 2-transitive groups are given, for example, in [3] and are as follows: those recorded in lines 1 3 and 5 of Table III (and for these groups deriving the values of p, q is straightforward) together with several families and individual groups of even degree or prime degree, and the groups Sz(s) with s=2 2a+1 =r 2 Â2 8 so pq=s 2 +1=(s+r+1)(s&r+1). In this last case, 5 divides s 2 +1 and hence q=5=s&r+1<p=s+r+1, so s=8 and p=13 as in line 4. The information about membership of pq in NC is obtained from Theorem 1.1. K
Finally we deal with the primitive permutation groups of degree pq which are not 2-transitive, that is, the simply primitive groups of degree pq. A classification of these can be derived from [13] ; see [23] .
Proposition 3.3 (The simply primitive case). Let p and q be distinct odd primes such that q<p. Suppose that G S pq and that G is a simply primitive permutation group of degree pq with socle T. Then T is a nonabelian simple group and Table IV contains all the possibilities for T, p, q, together with some information on whether pq # NC and whether T is minimal transitive. In particular, if pq Â NC then T is not minimal transitive. Proof. As in our discussion above T is a nonabelian simple group, and all possibilities for the socles of simply primitive groups of degree pq are given, for example, in [23] or [20] based on [13] . (Note the omission of PSL(2, 13) from the list in [23] .)
Suppose that there is a proper transitive subgroup L of T. If L is primitive then L is almost simple and soc(L) is transitive, so we may assume that L=soc(L). Then L also must be one of the simple groups listed in Table IV , so we check this. (Often all we need to do is to check the values of p and q.) For example for T in line 2 we see that L in line 8 is a proper transitive subgroup, and the group T in line 4 contains the group L in line 3 as a transitive proper subgroup. So suppose now that L is imprimitive and that L preserves a nontrivial block system 7. If L acts faithfully on 7 then 7 consists of p blocks of size q, and L is listed in Table II . This identifies the transitive subgroup PSL(2, 2 2a ) of T=PSp(4, 2 a ) and also many of the examples for which a Frobenius subgroup L of order pq is transitive. In particular, the cases where T=PSL(2, p) may be dealt with by referring to the classification of subgroups of these groups due to Dickson [5] , and the groups T=A 7 , PSL(5, 2), M 22 may be dealt with by referring to the Atlas [4] . This leaves one family of groups, namely, T= 0 = (2n, 2), where ==\, and we note that, because of the values of p and q, we have (2n, =){(8, +), (10, &) , and if ==& then n must be even. In this case we have a factorisation T=LP 1 where P 1 is the stabiliser of a singular 1-space. However, by [12] , there are no such factorisations. K There are two consequences of these propositions which are important for our work, and we record them below.
Theorem 3.4. Let p, q be distinct odd primes such that q<p and pq Â NC, and let T be a nonabelian simple group. Then T can be represented as a minimal transitive permutation group on a set V of cardinality pq if and only if one of the following holds.
a +1>3, and T is 2-transitive of degree pq (line 3 of Table III) ; or (ii) T=PSL(n, s) where p=(s n &1)Â(s&1), and either (a) q divides s&1 and n 3 (line 3 of Table II) ; or (b) n=3, q=s=5 (line 6 of Table II ).
In case (ii), T has a nontrivial block D of imprimitivity in V of cardinality q and, if : # D, then T : is transitive on V "D.
That there are only the two cases (i) and (ii) can be read off from Tables  II IV. The transitivity assertion is proved in, for example, [21, Lemma 4.4] , for case (ii)(a) and in [18] for case (ii)(b). Note that n 3 in part (ii)(a) since pq Â NC. Note also that, in cases (i) and (ii)(a), the group T may not be minimal transitive for all values of the parameters, and so these groups also arise in the next theorem.
Theorem 3.5. Let p, q be distinct odd primes such that pq Â NC. Suppose that T is a nonabelian simple group which can be represented as a transitive permutation group on a set V of cardinality pq such that T is not minimal transitive. Then either T is one of the groups in Theorem 3.4 or T is one of the groups in Tables II IV for which a proper transitive subgroup, H say, is listed in the last column. In each of the latter cases, the set of subgroups of T which are isomorphic to H forms a single conjugacy class.
A MAXIMAL INTRANSITIVE NORMAL SUBGROUP
Let p, q, r be distinct odd primes such that pqr Â NC 2 _ S. The main result of this paper, Theorem 1.4, asserts that for such primes all vertextransitive graphs of order pqr are Cayley graphs. We shall prove this by assuming to the contrary that 1=(V, E) is a vertex-transitive, non-Cayley graph of order pqr and deriving a contradiction. Our work builds on the results in [10, 24] . First we obtain some important information about the structure of a certain transitive subgroup G of Aut(1 ).
Proposition 4.1. Let p, q, r be distinct odd primes such that pqr Â NC 2 _ S. Let 1=(V, E) be a vertex-transitive, non-Cayley graph of order pqr. Then Aut (1 ) is not quasiprimitive on V, and if G is a subgroup of Aut (1 ) which is minimal by inclusion subject to being transitive, but not quasiprimitive on V, then G has an intransitive normal subgroup of prime index.
Proof. From our discussion in Section 2, Aut (1) is not quasiprimitive on V. For a subgroup G as in the statement, let K be a non-trivial intransitive normal subgroup of G, and let 7 denote the set of K-orbits in V. We may assume that K is equal to the kernel of the action of G on 7. Suppose first that |7| is a prime, say |7| =r. Then there exists an r-element x # G "K; (x) must permute the r orbits of K transitively, and hence (K, x) is transitive on V. Since (K, x) has a non-trivial intransitive normal subgroup K, it follows from the minimality of G that G=(K, x). Moreover x r fixes each K-orbit setwise, and hence x r # K and |GÂK| =r. Thus the result holds in this case.
We may therefore suppose that the K-orbits have prime length, say length r, and that GÂK is faithful and transitive on 7 of degree pq. If GÂK is not quasiprimitive then G has a normal subgroup N containing K such that the number of N-orbits is a prime. In this case, replacing K by N, the argument of the previous paragraph shows that the result holds. Hence we may assume that GÂK is quasiprimitive on 7 of degree pq. Let K<N G be such that NÂK is a minimal normal subgroup of GÂK. Since GÂK is quasiprimitive on 7, we have that NÂK is transitive on 7, so N is transitive on V with intransitive normal subgroup K. By the minimality of G, therefore, G=N, whence GÂK is a simple group. Since pq divides |GÂK|, it follows that GÂK is a nonabelian simple group. Further, by the minimality of G it follows that GÂK is a minimal transitive permutation group of degree pq, so GÂK is one of the simple groups T of Theorem 3.4.
Let R be a Sylow r-subgroup of K. Then G=KN G (R), so the group induced by N G (R) on 7 is isomorphic to T and in particular is transitive. Since R is transitive on each of the K-orbits, N G (R) is transitive on V with intransitive normal subgroup R, and by minimality G=N G (R). Now R has pq orbits of length r, so R$Z a r for some a pq. Let : # V, and let B # 7 be the K-orbit containing :. Note that 7 is the set of R-orbits. The set fix V (R : ) of fixed points of R : in V is a union of R-orbits and is a block of imprimitivity for G in V.
If fix V (R : ) is a single R-orbit, then, for each C # 7"[B], R : is transitive on C. In this case it follows, for example, from [10, Lemma 3.4] , that 1 is isomorphic to the lexicographic product 1 7 [B ] of the quotient graph 1 7 and the induced subgraph B on B. Since pq, r Â NC, both 1 7 and B are Cayley graphs, and hence 1 7 [B ] is a Cayley graph (see, for example, [10, Lemma 3.4] ), contrary to our assumption. Hence |fix V (R : )| =rt, where t= p, q or pq.
Suppose next that t= pq, that is, R : =1. Then GÂC G (R) is isomorphic to a subgroup of Aut(R)$Z r&1 , and it follows that C G (R) involves the simple group T, and in particular that C G (R) is transitive on 7. Since C G (R) contains R, C G (R) is transitive on V and has an intransitive normal subgroup R. By minimality, G=C G (R). For each C # 7, since K C centralises the transitive abelian group R C , and since a transitive abelian permutation group is self-centralising (see [27, Proposition 4.4 
Then since R is a Sylow r-subgroup of K, we have that K=R. Since GÂG$ is abelian and GÂK is a nonabelian simple group, it follows that G=KG$ and G$ is transitive on 7. , which is a contradiction. Hence Theorem 3.4(ii) holds and we have T=PSL(n, s) and (again, see [8] ) M=gcd(n, s&1) is divisible by r. This means that, modulo r,
which contradicts the fact that (s n &1)Â(s&1) divides pq. Thus we have proved that K & G$=1, so we have G=K_G$ and G$$GÂK $T. If G$ is intransitive on V then, replacing K by G$ the result holds. Thus we may assume that G$ is transitive on V. If G$=PSU(3, s) with s=2 a >2, we have, say, p=s 2 &s+1, q=s+1, and for
As r divides |G$ B | (and s is even and r{q), r must divide s&1. However this means that qr # NC (see Theorem 1.1) which is a contradiction.
Hence G$=PSL(n, s) with, say, p=(s n &1)Â(s&1) and n 3. Here G$ preserves a block system 2 of p blocks of size qr. Let D # 2 be the block [10, Lemma 3.4] ) that 1 is a Cayley graph, contradicting our assumption. The remaining case is where n=3, s=5, p=31, q=5. Here
, and since G$ B has a subgroup of odd prime index r, we have r=3; but then qr # NC, which is a contradiction.
Thus |fix V R : | =tr with t= p or q. Let 2 denote the corresponding partition of V consisting of pqÂt blocks of size tr, and set D :=fix V R : , the block of 2 containing :. It follows that G 7 is imprimitive preserving a partition with pqÂt blocks of size t. By Theorem 3.4, G 7 =PSL(n, s), pqÂt=(s n &1)Â (s&1), and n 3. Moreover, G 7 B is transitive on the set of pq&q blocks of 7 contained in V "D. Since G B =G : R, the subgroup G : is transitive on this set of pq&q blocks of 7. Since we also have that R : is transitive on each of these pq&q blocks, it follows that G : is transitive on V "D. As before this implies that 1$1 2 [D ] and hence that 1 is a Cayley graph (since r, pq Â NC), which is a contradiction. This contradiction completes the proof of Proposition 4.1. K
PROOF OF THE MAIN THEOREM
Let p, q, r be distinct odd primes such that pqr Â NC 2 _ S, and let 1=(V, E) be a vertex-transitive graph of order pqr which is not a Cayley graph. By Proposition 4.1, Aut(1 ) is not quasiprimitive on V, and if G is a subgroup of Aut(1 ) which is minimal by inclusion subject to being transitive, but not quasiprimitive on V, then G has an intransitive normal subgroup K of prime index, say r. Let G, K be such subgroups, and let 7 denote the set of K-orbits in V. Since 1 is not a Cayley graph, it follows from the main result of [10] that G is not genuinely 3-step imprimitive (see Definition 2.1). Thus every non-trivial normal subgroup of G contained in K is transitive on each of the K-orbits in 7. Now let M be a minimal normal subgroup of G contained in K. If M is elementary abelian then the M-orbits have prime length, since their length must divide both |V| = pqr and |M|, and this is a contradiction. Thus M is nonabelian, that is, M$T a for some nonabelian simple group T and positive integer a. There is an r-element x in G "K, and for such an element, (M, x) is transitive on V with intransitive normal subgroup M. By the minimality of G it follows that G=(M, x).
We shall prove that M$T, that is, that a=1. Let B # 7, and note that M is transitive on B. Since |B| = pq, we have that pq divides |T |. If the group M B induced by M on B was not quasiprimitive then T would be a composition factor of a transitive permutation group of degree p and also a composition factor of a transitive permutation group of degree q. Without loss of generality suppose that q<p. Then we have a contradiction, since q is the largest prime which divides the order of a transitive permutation group of degree q. Hence M B is quasiprimitive of degree pq. By the O'Nan Scott theorem for quasiprimitive groups [22] Suppose that M B is not one of the groups listed in Theorem 3.4. Then, by Theorems 3.4 and 3.5, M has a proper subgroup H which is transitive on B and is such that all the subgroups of M isomorphic to H form a single M-conjugacy class. Thus we have G=MN G (H), and so N G (H) is transitive on V with an intransitive normal subgroup H, contradicting the minimality of G. Hence M B is one of the groups listed in Theorem 3.4. Suppose that C :=C ( x) (M){1. Then C is a normal r-subgroup of G and hence the C-orbits have length a power of r dividing pqr, that is, the C-orbits have length r. It follows that C is elementary abelian and, as C is also cyclic, |C| =r. By the minimality of G we have that G=M_C, and hence that M=K. Since G=(M, x), it follows also that C=(x) $Z r . Now, by examining all the quasiprimitive groups of degree pq, which are listed in the results in Section 3 we see that M has up to equivalence at most two transitive permutation representations of degree pq, and the subset of blocks of 7 on which the action of M is equivalent to its action on B forms a block of imprimitivity for the action of G on 7. Since G is primitive on 7 it follows that the action of M on each block of 7 is equivalent to its action on B. In particular M : fixes exactly one point of each block of 7.
Suppose that M=PSU(3, 2 a ). Then M : fixes one point of each of the blocks of 7 and is transitive on the pq&1 remaining points of each of these blocks. In the symmetric group Sym V, the overgroup S pq _C of M_C has the same suborbits as M_C in V, and hence S pq _C Aut 1. Since S pq _C contains a regular subgroup, 1 is a Cayley graph, which is a contradiction.
Hence M=PSL(n, s), p=(s n &1)Â(s&1), and n 3. By Theorem 3. , which is defined as the permutation group on V inducing on E the same permutation group that H does and fixing V"E pointwise. Let y # M be an element of order p, and let h # H (E) be an element of order q. Then, for j=0, 1, . .., p&1, h j :=y & j hy j has order q, and (h j ) is transitive on D is regular on V, and so 1 is a Cayley graph, which is a contradiction.
Hence C (x) (M)=1 and so G Aut M and r divides |Out M|. If M= PSU(3, 2 a ) with p=2 2a &2 a +1 and q=2 a +1>3, then |Out M| divides 2a } gcd(3, 2 a +1)=2a. However, in order for q=2 a +1 to be prime, a must be a power of 2. Hence |Out M| has no odd prime divisor. Similarly, |Out PSL(3, 5)| =2 which has no odd prime divisor. Thus M=PSL(n, s), p=(s n &1)Â(s&1), n 3, and q divides s&1. Since p is prime, s and n must be prime also. Hence |Out M| =2gcd(n, s&1), and so r=n and r divides s&1. However this means that p=s n&1 + } } } +s+1#1+ } } } +1+1=n #0 (mod r), and hence that p=r, which is a contradiction.
